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Generating an electromagnetic multipole by oscillating currents
Asaf Farhi∗ and David J. Bergman†
Raymond and Beverly Sackler School of Physics and Astronomy,
Faculty of Exact Sciences, Tel Aviv University, IL-69978 Tel Aviv, Israel
(Dated: November 20, 2018)
Based on the relation between a plane phased array and plane waves we show that a spherical
current layer or a current sphere proportional to a multipole electric field and situated in a uniform
medium generates the same multipole field in all space. We calculate TE and TM multipoles inside
and outside the spherical layer. The l = 1 TM multipoles are localized at the origin with a focal
spot with full width at half maximum of 0.4λ in the lateral axes and 0.58λ in the vertical axis. The
multipole fields near the origin are prescriptions for the current distributions required to generate
those multipole fields. A spherical layer can couple to a multipole source since the oscillation of the
electrons in the layer due to the multipole field generates the multipole field in all space, which in
turn can drive the multipole currents. Exciting a multipole in a polarizable sphere or spherical layer
can couple it to another polarizable sphere or spherical layer.
PACS numbers: 41.20.Jb, 42.25.Bs, 32.30.-r, 33.20.-t
I. INTRODUCTION
Scattering eigenstates of Maxwell’s equations for a two-
constituent composite medium are fields that can exist in
the system without an external source for a given permit-
tivity value (eigenvalue) of one of the constituents, which
will be called the inclusion. When the outgoing waves are
propagating the system radiates and that permittivity
should have gain. When the outgoing waves are evanes-
cent and the system does not radiate, that permittivity
value is real.
By defining θ1 to be 1 inside the inclusion volume and
zero otherwise, one can arrive from Maxwell’s equations
at the following equation for E(r) in Gaussian units [1]:
−∇× (∇×E) + k22E = uk22θ1E−
4πiω
c2
J, (1.1)
u ≡ 1− ǫ1
ǫ2
, k22 ≡ ǫ2
ω2
c2
,
where ǫ1, k1 are the permittivity and the wavevector of
the inclusion, respectively, and ǫ2, k2 are the permittivity
and wavevector of the host medium. The eigenstates
satisfy the following equation
−∇× (∇×En) + k22En = unk22θ1En, (1.2)
un ≡ 1− ǫ1n
ǫ2
,
where En has to satisfy the electric field continuity con-
ditions at the interface characterized by θ1.
Since θ1En in Eq. (1.2) plays the role of current
sources, an external current proportional to an eigen-
state in the inclusion volume situated in a homoge-
neous medium, denoted by Jext, will generate the two-
constituent eigenstate, namely
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−∇× (∇×En) + k22En = unk22θ1Jext. (1.3)
In this equation the inclusion geometry is not specified
and this statement is therefore applicable to any inclusion
geometry and in particular for a flat slab, a cylinder, and
a sphere [1–3].
The electromagnetic eigenstates for a flat slab −a <
z < a in a host medium are of the form [2]
E+
kTE = e
ik·ρ


e⊥A
+
⊥e
−ik2zz z > a
e⊥B
+
⊥ cos
(
k+1zz
) −a < z < a
e⊥A
+
⊥e
ik2zz z < −a
,
where an even (‘+’) TE eigenstate is presented, xˆ, yˆ
and zˆ are parallel and perpendicular to the slab,
respectively, k+1z ≡
√
(k+1 )
2 − k2, k2z ≡
√
(k2)2 − k2,
k+1 ≡
√
ǫ+1kω/c, k2 ≡
√
ǫ2ω/c, e⊥ = ek × ez, ek ≡ k/|k|,
k is a real 2D wave vector in a direction parallel to
the slab, ρ is a 2D position vector in that plane, and
ǫ+1k is the k dependent slab permittivity eigenvalue.
Thus, Jext ∝ θ1eik·ρe⊥B+⊥ cos
(
k+1zz
)
in a homogeneous
medium will generate this eigenstate in all space.
Phased arrays are arrays of antennas with predeter-
mined phases which generate a desired electromagnetic
wave, usually a plane wave propagating in a given direc-
tion. Optical antenna arrays are based on the polariza-
tion of a material due to an applied electric field and act
as current sources at optical frequencies [4].
To understand how a plane phased array can generate
a plane wave we can operate with the free-space Green’s
tensor on a continuous current sheet Jext = e⊥e
−ik·ρδ (z)
to obtain
←→
G ∗ [e⊥e−ik·ρδ (z)] ∝
e⊥
[
θ(z)e−ik·ρ+ik2zz + θ(−z)e−ik·ρ−ik2zz] , (1.4)
where Green’s tensor is defined by the following equation
−∇×∇×←→G + k22
←→
G = k22Iδ
3 (r− r′)
and is an outgoing wave at large distances. Here θ(z)
is the usual step function, k is a 2D wave vector paral-
lel to the plane, and ρ is a 2D position vector in that
plane. Thus, a current sheet which is proportional to
a plane wave modulated by e−ik·ρ, generates outgoing
plane waves away from the current sheet with the same
2D phase modulation. It will be therefore interesting to
check if the same applies for sphere and cylinder geome-
tries. Light usually comprises a variety of multpoles [5]
and our goal is to generate only a given multipole.
Vector spherical harmonics with the electric field con-
tinuity conditions are the eigenstates of a spherical in-
clusion [1]. Standard vector spherical harmonics are the
eigenstates of a uniform medium similarly to plane waves.
The analogue of a planar phased array is therefore a
spherical current layer modulated by a vector spherical
harmonic. Light can be localized in free space by focusing
a laser beam using a circular lens. The size of the focal
spot is related to the imaging resolution since the scat-
tered light can be collected from the focal spot, enabling
to resolve features with the size of the focal spot. A laser
beam with a uniform distribution passing through a cir-
cular lens has a focal spot with a full width at half max-
imum (FWHM) of 1.03λf/D in the lateral axes, where
f is the focal length and D is the lens diameter (com-
mercially available lenses have f/D & 1). Setups of
molecules coupled to optical cavities have attracted much
attention recently. In the weak coupling regime the emis-
sion of the molecule can be enhanced and in the strong
coupling regime the system has hybrid eigenstates [6, 7].
The electric field of a molecule (modeled by an oscil-
lating dipole) in a dielectric sphere has been calculated
in the electrodynamic regime [8, 9]. Radiation emission
rates for such a setup which also accounts for electrostatic
spherical and spheroidal cavity effects have also been cal-
culated [10]. Here we show that a spherical current layer
or a sphere modulated by a vector spherical harmonic can
generate the corresponding spherical harmonic. In addi-
tion, a spherical current layer proportional to the l = 1
TM mode can focus light at the origin. Such currents at
optical frequencies can be effectively generated by optical
antennas. Moreover, we show that a polarizable spher-
ical layer can couple to a multipole source. In Sec. II
we present the theory. In Sec. III we calculate multipole
fields and present results near the origin and in the far
field. In Sec. IV we discuss our results.
II. THEORY
The electric field can be expanded in the multipoles as
follows
E =
∑
l,m
[i/k · aE (l,m)∇× fl (kr)Xlm
+ aM (l,m) gl (kr)Xlm] , (2.1)
where aE , aM are the multipole strengths, fl (kr) , gl (kr)
are linear combinations of radial Hankel functions
h
(1)
l , h
(2)
l , and gl (kr)Xlm,∇ × fl (kr)Xlm are the nor-
malized forms of the TE and TM electric field multipoles
E
(M)
lm and E
(E)
lm (the vector spherical harmonics) given by
E
(M)
lm = gl (kr)LYlm (θ, φ) , L ≡
1
i
(r×∇) ,
E
(E)
lm =
i
k
∇×H(E)lm , H(E)lm ≡ fl (kr)LYlm (θ, φ) , (2.2)
where Ylm (θ, φ) are the scalar spherical harmonics.
The multipole strengths αM (l,m) , αE (l,m) can be
written as follows
αM (l,m) gl (kr) =
k√
l (l + 1)
ˆ
Y ∗lm (r ·H)dΩ,
αE (l,m) fl (kr) = − k√
l (l + 1)
ˆ
Y ∗lm (r · E)dΩ. (2.3)
Denoting the intrinsic magnetization (caused by circular
currents) by M (x) the following scalar wave equation for
r ·H, r ·E′, where E′ is the divergence-free field defined
by E′ = E+ iωǫ0J (note that ∇·E = ρ/ǫ0, ∇·J = iωρ),
can be written as
(∇2 + k2) (r ·H) = −iL · (J+∇×M) ,(∇2 + k2) (r ·E′) = kL ·(M+ 1
k2
∇× J
)
(2.4)
from which one can write [11]
r ·H = i
4π
ˆ
eik|x−x′|
|x− x′| L
′ · [J (x′) +∇×M (x′)] d3x′,
r · E′ =
− k
4π
ˆ
eik|x−x′|
|x− x′| L
′ ·
(
M (x′) +
1
k2
∇× J (x′)
)
d3x′,
(2.5)
where in the region outside the sources E′ reduces to E.
Now αM (l,m) , αE (l,m) read
2
αM (l,m) gl (kr) =
i
4π
k√
l (l+ 1)
ˆ
Y ∗lm
ˆ
eik|x−x′|
|x− x′| L
′ · [J (x′) +∇×M (x′)] d3x′dΩ,
αE (l,m) fl (kr) =
1
4π
k2√
l (l+ 1)
ˆ
Y ∗lm
ˆ
eik|x−x′|
|x− x′| L
′ ·
[
M (x′) +
1
k2
∇× J (x′)
]
d3x′dΩ. (2.6)
We substitute e
ik|x−x′|
4π|x−x′| ≡
∑
l,m Gl (r, r′) Y ∗l,m (θ′, φ′)Yl,m (θ, φ) , where Gl (r, r′) = ikjl (kr<)h(1)l (kr>) , r< (r>) is the
smaller (larger) of r and r′. Note that gl(kr) = fl(kr) = h
(1)
l (kr) outside the current layer (r > r
′), and gl(kr) =
fl(kr) = jl(kr) inside (r < r
′) so one of the functions in Gl (r, r′) cancels out with gl(kr) or fl(kr) on the lhs of Eq.
(2.6). Consequently αM (l,m) , αE (l,m) inside and outside take the form
α
inside/outside
M (l,m) = −
k2√
l (l + 1)
ˆ {
h
(1)
l (kr)
jl (kr)
}
Y ∗lm (θ, φ)L · [J (x) +∇×M (x)] d3x,
α
inside/outside
E (l,m) =
ik3√
l (l + 1)
ˆ {
h
(1)
l (kr)
jl (kr)
}
Y ∗lm (θ, φ)L ·
[
M (x) +
1
k2
∇× J (x)
]
d3x, (2.7)
where “inside” and “outside” correspond to h
(1)
l (kr) and
jl (kr) , respectively. We consider a spherical current
layer situated in free space with an inner radius r1 and
a thickness d where for the case of a surface current
d ≪ r1. The current is proportional to a TE multi-
pole in its θ, φ dependence in the spherical layer J =
J0θ1 (r)wl′ (kr)LYl′m′ (θ, φ) where θ1 is equal to 1 when
r is inside the current layer and is equal to zero elsewhere.
However, the function wl′ (kr) in general is not a spheri-
cal Bessel function. We assume M (x) = 0 from here on
and obtain
α
inside/outside
M (lm, l
′m′) = −k2
√
l (l+ 1)J0δll′δmm′×
r1+dˆ
r1
{
h
(1)
l (kr)
jl (kr)
}
wl′ (kr) r
2dr. (2.8)
It can be seen that such a surface current source generates
only the same TE multipole.
From here on we will consider r that is inside and the
calculations for r outside readily follow, namely h
(1)
l (kr)
should be replaced by jl (kr) in the expressions for the
multipole strengths. To prove that TM multipoles are
not generated by TE surface currents we perform several
mathematical operations and arrive from Eq. (2.7) at
ainsideE (lm, l
′m′) =
k2
i
√
l (l + 1)
ˆ
Y ∗lm
[
cρ
∂
∂r
[
rh
(1)
l (kr)
]
+ ik (r · J) h(1)l (kr)
]
drdΩ
=
k2
i
√
l (l + 1)
c
iω

ˆ
r1+
dr
2ˆ
r1−
dr
2
{
∇ ·
[
Y ∗lm
∂
∂r
[
rh
(1)
l (kr)
]
J
]
− J · ∇
[
Y ∗lm
∂
∂r
[
rh
(1)
l (kr)
]]}
r2drdΩ
+
ˆ r1+d+dr2ˆ
r1+d−
dr
2
{
∇ ·
[
Y ∗lm
∂
∂r
[
rh
(1)
l (kr)
]
J
]
− J · ∇
[
Y ∗lm
∂
∂r
[
rh
(1)
l (kr)
]]}
r2drdΩ

 = − ck2
ω
√
l (l+ 1)
×
ˆ
Y ∗lm
[
Jabove upper · rˆ
[
∂
∂r
(
rh
(1)
l (kr)
)]
r1+d
(r1 + d)
2 − Jbelowupper · rˆ
[
∂
∂r
(
rh
(1)
l (kr)
)]
r1+d
(r1 + d)
2
Jabove lower · rˆ
[
∂
∂r
(
rh
(1)
l (kr)
)]
r1
r21 − Jbelow lower · rˆ
[
∂
∂r
(
rh
(1)
l (kr)
)]
r1
r21
]
dΩ = 0, (2.9)
3
where rˆ = r/|r|, r · J ∝ r·E(M)l′m′ = 0, ρ = ∇·Jiω , inside
the volume ∇ · J = 0 since J ∝ θ1 (r)E(M)l′m′ , ψ∇ · J =
∇·(ψJ)−J ·∇ψ, ψ ≡ Y ∗lm ∂∂r
[
rh
(1)
l (kr)
]
, the volume in-
tegrals over the interfaces transform to surface integrals,
‘upper’ and ‘lower’ denote the upper and lower interface
respectively, ‘above’ and ‘below’ stand for above and be-
low an interface, and Jabove upper = Jbelow lower = 0. Also,
the contribution of the J · ∇
[
Y ∗lm
∂
∂r
[
rh
(1)
l (kr)
]]
terms
in the volume integration over the interfaces is negligi-
ble since the interface thickness is infinitesimal and the
function is finite there.
We define J˜θ =
Jθ
wl′ (kr)
, J˜φ =
Jφ
wl′(kr)
and since Jr = 0
we express ∇ · J inside the volume as follows
∇ · J = 1
r sin θ
[
∂
∂θ
(sin θJθ) +
∂Jφ
∂φ
]
=
wl′ (kr)
r sin θ
[
∂
∂θ
(
sin θJ˜θ
)
+
∂J˜φ
∂φ
]
= 0. (2.10)
We get that since ∂∂θ
(
sin θJ˜θ
)
+
∂J˜φ
∂φ = 0, the current
satisfies ∇ · J = 0 independently of the form of wl′ (kr) .
Here, too, wl′ (kr) is not required to be a spherical Bessel
function.
Similarly, substituting a spherical layer source propor-
tional to a TM multipole
J =
i
k
J0θ1 (r)∇× fl′ (kr)LYl′m′ (θ, φ)
∝ θ1 (r)E(E)l′m′ ∝ θ1 (r)
i
k
∇×H(E)l′m′ , (2.11)
we obtain
ainsideE (lm, l
′m′) =
k2
i
√
l (l+ 1)
ˆ
Y ∗lm
[
cρ
∂
∂r
[
rh
(1)
l (kr)
]
+ iJ0l
′ (l′ + 1) fl′ (kr) Yl′m′h
(1)
l (kr) d
3x
]
=
k2
i
√
l (l+ 1)
ˆ
Y ∗lm
{
− c
iω
J (r1 + d, θ, φ) · rˆ
[
∂
∂r
(
rh
(1)
l (kr)
)]
r1+d
(r1 + d)
2
+
c
iω
J (r1, θ, φ) · rˆ
[
∂
∂r
(
rh
(1)
l (kr)
)]
r1
r21 + iJ0l
′ (l′ + 1) fl′ (kr) Yl′m′h
(1)
l (kr) r
2dr
}
dΩ
= J0k
√
l (l + 1)δll′δmm′
{
c
ω
fl′ (k (r1 + d))
(r1 + d)
[
∂
∂r
(
rh
(1)
l (kr)
)]
r1+d
(r1 + d)
2
− c
ω
fl′ (kr1)
r1
[
∂
∂r
(
rh
(1)
l (kr)
)]
r1
r21 + k
r1+dˆ
r1
fl′ (kr) h
(1)
l (kr) r
2dr

 , (2.12)
where we have used r · J = J0 l
′(l′+1)
k fl′ (kr) Yl′m′ ∝ r ·
E
(E)
l′m′ for r · J, J (r1 + d, θ, φ) · rˆ, and J (r1, θ, φ) · rˆ, the
orthogonality property of the Ylms, and ∇ · J = 0 inside
the current volume since J ∝ E(E)l′m′ .
Since for every vector ∇ · ∇ × A = 0, it is easy to
see from the definition of the TM multipole that we can
replace fl′ (kr) with any r dependent function and the
derivation above still holds.
To prove that a TM surface current does not generate
TE multipoles we write
αinsideM (lm, l
′m′) =
−k2√
l (l + 1)
ˆ
h
(1)
l (kr) Y
∗
lm (θ, φ)L ·
i
k
J0θ1 (r)∇× [fl′ (kr)LYl′m′ (θ, φ)] d3x = 0, (2.13)
where we have used
L =
1
i
(r×∇) ,
(r×∇) · ∇ × [fl′ (kr)LYl′m′ (θ, φ)]
= r · ∇ × {∇ × [fl′ (kr)LYl′m′ (θ, φ)]}
= −r · [k2fl′ (kr)LYl′m′ (θ, φ)] = 0,
since ∇ · E(E)l′m′ = 0,∇2E(E)l′m′ = −k2E(E)l′m′ , and since L
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FIG. 1: |E|2 of a TM l = 1,m = 0 multipole
does not operate on r. Here, too, a surface current source
which is proportional to a TM multipole generates only
the same multipole. Clearly, the results for the strengths
of the multipoles are also valid for a spherical current
layer that is thick and for a sphere, where we are inter-
ested in αoutsideM (l,m) , α
outside
E (l,m) .
III. MULTIPOLE FIELDS NEAR THE ORIGIN
AND IN THE FAR FIELD
We calculated the l = 1,m = 0 and the l = 2,m =
0 TM and TE multipole fields which can be generated
by the corresponding spherical current layers. We first
calculated the l = 1,m = 0 and the l = 2,m = 0 TM
multipole fields with fl (kr) ≡ jl (kr) using the following
relations [11]
∇× L = r∇2 −∇, Lx = 1
2
(L+ + L−) ,
Ly =
1
2i
(L+ − L−) , Lz = mYlm,
L+Yl,m =
√
(l−m) (l +m+ 1)Yl,m+1,
L−Yl,m =
√
(l+m) (l −m+ 1)Yl,m−1. (3.1)
In Fig. 1 we present |E|2 of the l = 1,m = 0 TM mul-
tipole as a function of y and z near the origin. The
electric field of this multipole is concentrated at the ori-
gin and has a FWHM of 0.4λ in the y axis (and in the
x axis) and 0.58λ in the z axis. Note that while to first
order jl=1 (kr) ≃ (kr)/3, upon operating with ∇× on
jl=1 (kr)LYlm in the calculation of E
(E)
l=1,m, the field does
not vanish at the origin. In Fig. 2 we present |E|2 of the
l = 2,m = 0 TM multipole. This multipole has two focal
spots at z = ±0.4λ with focal width of approximately
0.4λ.
We then calculated |E|2 of the l = 1,m = 0 and l =
2,m = 0 TE multipoles with gl (kr) ≡ jl (kr) by using
y/λ
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FIG. 2: |E|2 of a TM l = 2, m = 0 multipole
the relation L2 = l (l + 1) and obtained
|ETE1,0|2 = 3
8π
(j1 (kr))
2
sin2 θ,
|ETE2,0|2 = 15
8π
(j2 (kr))
2
sin2 θ cos2 θ. (3.2)
In Fig. 3 we present |E|2 of the l = 1,m = 0 TE multipole
as a function of y and z near the origin. The intensity
of this multipole is concentrated in a torus-like shape. In
Fig. 4 we present |E|2 of the l = 2,m = 0 TE multipole.
The intenisty of this multipole is concentrated in two
torus-like shapes situated at z = ±0.4λ.
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FIG. 3: |E|2 of a TE l = 1, m = 0 multipole
From the derivations in Sec. II it is clear that placing
currents that are modulated according to the l = 1,m =
0 TE and TM multipoles inside a sphere near the ori-
gin generates the electric field of these modes in space.
Thus, electric fields whose intensities are presented in
Figs. 1 and 3, are prescriptions for the current distribu-
tions required to generate the l = 1,m = 0 TM and TE
multipoles respectively. The l = 1,m = 0 TM multipole
5
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FIG. 4: |E|2 of a TE l = 2,m = 0 multipole
field in a very small sphere corresponds to an oscillating
point dipole. In addition, the focal spot of this mode
is similar to the current distribution of a λ/2 antenna,
which has a dominant l = 1,m = 0 TM component in its
radiation field pattern. The l = 1,m = 0 TE multipole
field is similar to a current loop distribution.
In addition, a multipole current source at the origin
and a spherical layer centered at the origin can be cou-
pled. The radiation emitted from the multipole source
impinges on the spherical layer, which in turn is polarized
and emits radiation both inside and outside that layer.
The radiation inside impinges on the current source and
can re-excite the same radiation pattern etc. The polar-
izable spherical layer is characterized by an ǫ value and
can be either a dielectric or a metal. The polarization
pattern in the spherical layer originates from the radia-
tion field pattern of the current source and there is no
need to design an optical antenna distribution inside the
layer. Similarly if a polarizable spherical layer or a sphere
is excited with a given multipole it will couple to another
sphere or spherical layer centered at the origin for the
reason mentioned above.
In the radiation zone we can write E
(M)
lm = H
(M)
lm ×
n. For a source which consists of a complete set of TE
multipoles with the order l all having the same strength
aM (l) , the time-averaged power radiated per solid angle
is
dP
dΩ
=
1
2k2
|aM (l)|2
∣∣∣∣∣
∑
m
(−1)i+1 Xlm
∣∣∣∣∣
2
, (3.3)
which becomes for incoherent sources [11]
dP
dΩ
=
1
2k2
|aM (l)|2 2l + 1
4π
. (3.4)
Thus, generating such a set of incoherent TE multipoles
will result in isotropic radiation, where the simplest
configuration comprises the multipoles X10,X1,−1,X1,1.
IV. DISCUSSION
We showed that a spherical layer or a sphere with cur-
rents that are proportional to an electromagnetic mul-
tipole field can generate the same multipole field. We
calculated the first TE and TM multipole fields and pre-
sented results near the origin and in the far field. The
intensity of the l = 1,m = 0 TM multipole peaks at the
origin with FWHM of 0.4λ in the lateral axes and 0.58λ in
the vertical axis and the intensity of the l = 1,m = 0 TE
multipole is concentrated in a torus-like shape. Currents
proportional to a multipole field near the origin generate
the multipole in space so the multipole fields are pre-
scriptions for such current sources. A spherical layer can
couple to a multipole source centered at the origin and
enhance its radiation. For example, an oscillating point
dipole or a molecule, which emits a TM l = 1 multipole,
can couple to a spherical dielectric layer, similarly to a
molecule in an optical cavity [6, 7, 10]. An l = 1 TE mul-
tipole near the origin also generates the same multipole
field which can excite a spherical layer that will drive the
multipole currents near the origin. This analysis is valid
also for the coupling between l > 1 TE and TM multi-
poles and a spherical layer. Finally, if a spherical layer
or a sphere is excited with a given multipole it can be
coupled to another concentric polarizable spherical layer
or sphere.
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